We analyze the annihilation of equally-charged particles based on the Brownian motion model built by F. Dyson for N particles with charge q interacting via the log-Coulomb potential on the unitary circle at a reduced inverse temperature β, defined as β = q 2 /(kBT ). We derive an analytical approach in order to describe the large-t asymptotic behaviour for the number density decay, which can be described as a power law, i.e., n ∼ t −ν . For a sufficiently large β, the power law exponent ν behaves as (β + 1) −1 , which was corroborated through several computational simulations. For small β, in the diffusive regime, we recover the exponent of 1/2 as predicted by single-species uncharged annihilation. arXiv:1912.07691v1 [cond-mat.stat-mech] 
I. INTRODUCTION
The annihilation of charged and uncharged particles has been a prolific area of interest for over 30 years now. The study of annihilation-diffusion kinetics of uncharged particles has focused mainly on single-species reactions (A + A → ∅) [1] [2] [3] [4] [5] [6] and two-species reactions (A + B → ∅) [1, 2, 7, 8] . The study of annihilation-diffusion kinetics of charged particles has focused primarily on the two-species opposite-charge reaction (A + + A − → ∅) interacting via a general long-range power-law attractive interaction, e.g. the Coulomb interaction [9] [10] [11] [12] [13] . For each of these reactions, a corresponding scaling theory has been formulated in order to explain the particle density decay and the critical dimensions of the systems [2, 8, 9] . All of this work has found relevance in several fields such as chemical reactions, fractal theory, topological defects, spin dynamics and superconductivity [3, 12] . Expanding on this entire framework, we propose a different approach in order to study single-species same-charge reactions, e.g., (A + + A + → ∅), forced to interact in a close surface.
Studying Coulomb systems allows scientists to gain important insight into complex systems, some of which at a microscopic scale interact via the Coulomb force. Some of these systems include plasmas, colloids and electrolytic solutions. In these systems, and specially in plasmas, it is of special interest studying how thermal fluctuations, electromagnetic and nuclear forces interact. If thermal fluctuations can overcome the electromagnetic repulsion between two nuclei, it allows the strong nuclear force to come into play and hold the two nuclei together. Hence, nuclear fusion occurs. This is a highly nonlinear and non-equilibrium problem. We propose a simple model system in order to explore these interactions. By studying the annihilation of single-species charged particles at low dimensionality we can gain insight as to how fusion occurs in such complex systems. * gonza839@msu.edu † gtellez@uniandes.edu.co We investigate the system of N particles with charge q, at a reduced inverse temperature β = q 2 /(k B T ), interacting via the 2d-Coulomb log-potential and restricted to move around the unit circle. Additionally, when two particles are separated less than a critical fusion arc-length θ f , annihilation occurs for the pair of particles. We are specially interested in how the density n decays over time. The configuration of N charges restricted to move around the unit circle was extensively studied by F. J. Dyson [14] [15] [16] [17] . In order to perform the simulations, we solve the Langevin equation for the system and compare the results with the Brownian model built by Dyson [14] . This approach allows us to explore the effect of β on the density decay of the system. Other authors have used an Euler scheme [13] and a lattice simulation [11] in order to explore the annihilation of two-species charged particles while keeping β constant. Our computational approach is similar to the one that Jang et al. [12] used to investigate two-species charged annihilation. In particular, they found that the density decays as n(t) ∼ t −ν . Nevertheless, it is important to note that for two-species charged annihilation, the particles will be subjected to attractive and repulsive interactions, that ultimately accelerate annihilation, i.e., ν increases. For single species annihilation, the charges will only interact repulsively, which overall will slow down this process.
For our model and as we will show on our results, the power law exponent ν, from n(t) ∼ t −ν , will vary with respect to β, which differs greatly from the results for single-species uncharged annihilation and two-species charged annihilation. For sufficiently large β, the annihilation exponent ν will behave as (β + 1) −1 . Nevertheless, as β tends to zero, we recover the ν = 1/2 behavior predicted by single-species uncharged annihilation.
In the next section of our paper, we will give an overview of the Dyson gas in thermal equilibrium, the solution to the Langevin equation for the Dyson gas out of equilibrium and some pertinent results from annihilation theory. In section IV, we will show the results from our stochastic simulations. In section V, we propose a new approach using a modified kinetic rate equation in order to explain our results. And finally, in section VI we will make some concluding remarks.
II. THEORY
A Coulomb gas consists of N charged particles interacting through the d-Coulomb potential (ϕ d ), which reads
depending on the number of dimensions d. The following work will focus on the d = 2 case (two-dimensional), where a pair of particles located at r and r , with charge q and q interact via a logarithmic potential with themselves and a neutralizing background. Nevertheless, the present work focuses specifically on the configuration where the N charges are constrained to move on the unit circle. Therefore, the relevant variable will be the angular position (θ i ) of each charged particle, hence, a 1-D problem. For a pair of charged particles with labels k and j, the corresponding position vectors, r k and r j , can be defined by their angular coordinates θ k and θ j , respectively. With this in mind, the quantity |r j − r k | just reads | exp iθ j − exp iθ k |. With the latter, this quantity can be introduced into the two-dimensional Coulomb potential, reading
where q j = q k is set for single-species systems. Equation (2) is the starting point of this work.
A. The Dyson Gas
The Dyson gas is a special type of Coulomb gas where N classical, charged particles move on the unit circle. These charged particles exist within a neutralizing background, whose density ρ 0 , is defined over the domain Ω. For the sake of simplicity, Ω can be defined to be the unit circle, as well. Therefore, the density ρ 0 will just be a function of θ, i.e. ρ 0 (θ). With this in mind, the electroneutrality condition for the system just reads 
The simplest expression that satisfies this condition is ρ 0 (θ) = N/2π. This background density corresponds to a uniformly charged background. By taking the background into account, the potential energy of the system U T (θ 1 , . . . , θ N ) will be the sum of charge-charge interaction, charge-background interaction and background-background interaction, i.e.:
The total charge-charge interaction is the sum over interactions of each pair of particles, reading:
where q = 1, for simplicity. Secondly, the chargebackground interaction is accounted for every particle's interaction with the entire background domain. This total charge-background potential energy reads:
Finally, the expression for the background-background potential reads:
where the factor of 1/2 is taken into account in order to average the interaction of the background with itself.
Due to the translation invariance on the unit circle, it can be shown that U BC is constant [18] . Therefore, when working on the unit circle, the only relevant term for the potential energy that is not constant is the charge-charge interaction U CC . Then, for a general configuration of charged particles, the probability of finding N charges at θ 1 , . . . , θ N on the unit circle at thermal equilibrium can be simplified to P (θ 1 , . . . , θ N ) = 1 N !Z N exp (−βU CC (θ 1 , . . . , θ N )) , (7) where Z N is the partition function that normalizes the probability. Introducing equation (4) into equation (7), yields:
after doing some manipulation on the sums and the exponential terms. With equation (8), the statistical physics of this configuration can be studied directly. Additionally, it is noteworthy that equation (8), has the general structure of a Vandermonde determinant, property that allows for appealing analytical results [18, 19] . For instance, the partition function
can be related to a Selberg integral and be computed exactly for any value of β with the result [18, 19] Z N = (2π) N N !
where Γ(x) = ∞ 0 e −t t x−1 dt is the gamma function. Many of the thermal equilibrium properties of the Dyson gas have been worked out explicitly and an account of those can be found in the monographs by M. L. Mehta [19] and P. J. Forrester [18] . In particular, it is worth noting that the correlation functions have been computed exactly in terms of generalized hypergeometric functions for even values of β [20, 21] .
In order to analyze the Dyson gas out of equilibrium, the Langevin equation for the system has to be stated. A general Langevin equation for the k-th particle confined to move in the unit circle, in the strong friction limit, has the following form
where W corresponds to the interaction potential, independent of time, acting on the particle and f is a constant friction coefficient, which fixes the rate of diffusion. In this case, η(t) corresponds to a random Gaussian white noise function, that complies with η(t) = 0 and
. The position of the particle would evolve according to the following equation:
Therefore, for a small change δθ k , given a small time step δt, equation (12) becomes:
The general potential W just takes the form of the chargecharge interaction stated in equation (4), but it is important to keep in mind that we are working out of equilibrium. The potential W reads
By taking the derivative of equation (14) with respect to θ k and after doing some algebra, this yields
The quantity described in equation (15) just corresponds to the tangential force exerted on the k-th particle due to the interaction with the other N − 1 charged particles. Introducing equation (15) directly into equation (13) yields all the parameters needed in order to solve the Langevin equation for the Dyson gas confined to the unit circle. The next step is to take the expectation value of the equation in order to find the mean and the variance for the angular jumps δθ k of a particle given a small δt. For this purpose, the special properties of the white noise function come into play. Therefore, the expected value for a small jump in the angular position for the k-th particle reads
The variance for this process yields
Dyson arrived to equations (16) and (17) by the means of perturbations to the circular ensemble of RMT [14] . Our work focuses on using equations (16) and (17) to simulate the Brownian motion of the charges. With the addition that particles are subject to annihilation dynamics between them. Therefore, once a pair of particles are separated less than a critical fusion angle (θ f ), an annihilation event occurs, and both particles are taken out of the simulation. In order for the system to remain electrically neutral, the background has to account for this sudden change. Some subtleties of the process behind this have to be stated.
First of all, once the annihilation occurs we assume that the two charges fuse together to create a +2qcharged product, which will eventually merge with the background. Therefore, the reaction takes the form
product is an intermediate step to reach annihilation. Annihilation, in our context, means the coalescence of the B * +2 product with the neutralizing background.
Therefore, the electroneutrality condition, as stated in equation (3), will change. The new electroneutrality condition reads
where we have assumed the density ρ 0 , changes with time, in order to account for the fusion/annihilation events. We will assume that the coalescence of the B * +2 product with the background happens in a time scale much faster than the diffusion dynamics. This means that we can ignore the interaction of the intermediate charged product with the other charges, and therefore, ignore its contribution to U CC , as stated in equation (4) . The only change comes to the calculation of the background potential (U BB ), as defined in equation (6), which will still remain virtually constant. U BB will just increase by a constant, every time there is a fusion/annihilation event.
Since U BB and U BC are constants (they do not depend on the positions of the particles), they do not affect the forces on the particles. The dynamics of the system will not change if the background potential is held constant, after every annihilation event.
B. Annihilation theory
Single-species and two-species annihilation of uncharged particles is a well-known process, where down to a critical 
describes the density of the system. Equation (19) predicts that for large t, the density will decay as n ∼ t −1 , in accordance with mean-field theory [2, 9, 10] . For uncharged systems, when d < d U C , diffusion and fluctuations start to become more relevant, thus slowing down the density decay. Specifically, for single-species reactions, d U C = 2. For these types of systems with dimensionality d less than 2, the density decay slows down to
For our work, we are interested on the case d = 1, corresponding to the unitary circle. Therefore, if there were no Coulomb interaction in our system, we would expect a decay exponent of ν = 1/2 in our results. Additionally, two-species annihilation can also be described by equation (19) in the mean-field region. Nevertheless, for these two-species systems, the upper critical dimension stands at d U C = 4. For these type of systems with dimensionality less than 4, the density decays as
Annihilation dynamics for systems of charged particles deviate significantly from the uncharged case, as described by equations (19) , (20) and (21) . The Coulomb interaction complicates the problem by adding additional correlations and long-range interactions to the mix. Charged particle annihilation has been mainly studied by describing the decay rate of the system of N 0 positive charges +q and N 0 negative charges −q interacting via the Coulomb potential, either in 1 dimension [13] or 2 dimensions [12, 22, 23] , e.g., there was an extensive debate on the ν exponent for the 2D case.
Two-species charged annihilation, specifically the A + + A − → ∅ reaction, has been extensively studied [12, 13, 22, 23] , and has found several applications under the framework of chemical reactions. The annihilation in this type of systems behaves as n ∼ t −v , in the scaling regime [22] . The overall effect of the Coulomb interaction is to accelerate annihilation given the attraction between different species. In particular, Jang et. al. [12] studied the 2-d dimension case, for which equation (21) predicts an annihilation exponent of 1/2 for non-Coulombic annihilation. Jang et. al. found that in the strong diffusion limit, i.e., β 1, the exponent is 0.55 ± 0.05, in accordance with 1/2. Nevertheless, in the deterministic regime, i.e., large β, ν is reported to be 0.90 ± 0.05. For our particular system, given that we worked with single-species charged particles, we expected no annihilation if diffusion was turned off (β → ∞). Nevertheless, as diffusion became more relevant, as β decreased, we expected annihilation to occur. Through the following work, we explored how diffusion and Coulomb forces interact affecting the annihilation dynamics of our system, and how different regimes can be identified. 
III. SIMULATION DETAILS
As stated in equations (11), (16) and (17), we used the Langevin equation based on the Dyson gas dynamics in order to analyze the annihilation dynamics of our system. Ultimately, the mean step for the Langevin equation up to a first order in δt reads
and the variance for this stochastic process is
We ran simulations for an initial number of charges (N 0 = 100) evolving the system stochastically every time step according to equations (22) and (23) . Every time step the simulation checked for particles that were separated less than a critical fusion angle (θ f ). The definition for the critical fusion angle (θ f ) reads:
where S N0 corresponds to the initial mean separation of the system, i.e.: S N0 = 2π/N 0 . If the separation of two particles is less than our parameter θ f , the two charges are taken out of the system. The parameter f is just defined for convenience, in order to illustrate the fraction of the initial separation used as critical fusion angle. This parameter f is changed for the simulations. The number of charges left in the system is monitored every time iteration. Each simulation consisted of over 10 6 time steps, where the latter scheme was applied. The time step δt was chosen to be such that the diffusive displacement was much less than the critical mean separation of the system as encoded in θ f . Thus, we constrained equation (23) in order to account for any undesired jump between particles without annihilation. Mathematically, this constrain can be expressed as σ θ f , where σ is the standard deviation of the Langevin process, as defined in equations (22) and (23) . Solving this constrain for δt, we get an additional constrain on δt for the simulations. This constrain reads
where we chose f = 1 in order to absorb the friction parameter into the virtual time units. With the computer simulation details sorted out, we performed at least 1000 simulations per intersection of parameters f and β. Specifically, we ran simulations for f = 0.5 to f = 8.0, where we explored β from 0.01 to 4. For higher β, the simulations were computationally unfeasible given that the computational time was too large in order to report our data with satisfactory statistics. 
IV. RESULTS
All the simulations began with a fixed number particles, N 0 = 100. Every time step the number of particles was monitored in order to analyze the annihilation dynamics of the system. Figure 1 shows the number of particles for several β as a function of time. It is clear how the particles start to annihilate themselves as the system evolves. Furthermore, for sufficiently long times, the system would annihilate completely, with no particles remaining, even though the Coulomb force was still acting. Figure 1 also shows the stochastic nature of our approach. The shaded regions around the curves represent the fluctuations around the mean number of particles for that time step, i.e., the lower and upper bound correspond to N − 2σ N and N + 2σ N , where σ N is defined as the standard deviation for the number of particles in the system at a time t. This means that we have approximately 95.5% of the simulations included inside the shaded region. These fluctuations come from the fact that at least 1000 stochastic simulations were done for each parameter configuration. Figure 1 also shows how these fluctuations decrease as β increases. This behaviour can be seen more clear on figure 2. As β increases, diffusion starts playing a weaker role in the annihilation dynamics, as compared to the Coulomb force.
The annihilation rate of the system decreases as β increases. This can be seen on figure 1, where for β = 4.0 there were still particles in the system after t = 10 1 , whereas for β = 0.5, all particles were annihilated near t = 10 −2 . Furthermore, the annihilation dynamics follow a power law, i.e. n ∼ t −ν , for large t. From a plot such as the ones shown in figure 1 , we can calculate the ν exponent by obtaining the slope of the line after an arbitrarily large t 0 . The uncertainty of ν was calculated by applying error propagation on the regression analysis. This way, we calculated the annihilation exponent and its uncertainty for several β and f given N 0 = 100. This information is synthesized in figures 2 and 3. Figure 2 shows the behaviour of the ν exponent, or annihilation exponent, with respect to the inverse temperature β of the simulated system. Two asymptotic regimes can be explored. The first one corresponds to the limit case where β → 0, i.e., where the temperature is so large that diffusion dynamics becomes dominant. In this case, as can be seen in figure 2, specifically in part (b), the ν exponent tends to 1/2. This value corresponds to the annihilation exponent if there were no log-Coulomb interaction, only diffusion driving the annihilation process. Therefore, we expected this ν = 1/2 behavior for small β, given that diffusion would eventually outweigh the Coulomb forces for sufficiently small β. Overall, as β → 0, diffusion drives the annihilation dynamics of our system.
The second regime corresponds to the limit case where β 1, i.e., where the log-Coulombic forces outweigh the diffusion kinematics. In this regime, for sufficiently large β, the ν exponent behaves as 1/(β + 1). The origin of this behaviour will become clear after the theoretical discussion proposed in the next section. Nevertheless, it is important to note from figure 2 that the annihilation rate of our system will continue to decrease as β increases, or, equivalently, as the temperature decreases. This means that for sufficiently large β, the annihilation exponent will eventually tend to 0. Virtually, for these small temperatures annihilation would not occur, given that diffusion is no longer strong enough to drive this process through.
Another important thing we can note from figure 2 are the uncertainties reported for the ν exponent, or annihilation exponent. As mentioned previously, the number of particles' fluctuations was significantly larger for smaller β. Nevertheless, as these fluctuations became higher, the uncertainty on our annihilation exponent also increased. On the other hand, as β increased, the uncertainty on the exponent decreased. This goes hand-to-hand with the argument that at high temperatures, annihilation is driven by thermal diffusion, while at low temperatures, annihilation is controlled by the log-Coulomb interaction of our system. Figures 1 and 2 show how the annihilation dynamics depends on the inverse temperature β of our system. Nevertheless, there is another parameter that regulates this annihilation. We also expected the fusion parameter θ f , as defined in equation (24), to play a role in the annihilation dynamics. Figure 3 and its subsequent subfigures show the average number of particles as a function of time for several f given a β. The parameter θ f represents the angle of separation at which a pair of charged particle annihilate. Therefore, if θ f is increased -or equivalently, if f is increased-we expected the annihilation of charges to accelerate. Figures 3(a) , 3(b), 3(c), and 3(d) show how for larger values of f , the charged particles consume themselves more rapidly.
For large values of f ( f = 4, 8), the system exhibits two different time regimes. First, an initial transient regime with a very fast annihilation, which is simply due to the fact that the average spacing between particles is comparable to the fusion arc-length θ f . Therefore, there will be many frequent annihilation events due to the fact that there is not enough place to move for the particles before they encounter another one to annihilate with. After this transient regime, the density will decay enough to give more room for the particles to move. The system then reaches the scaling regime, where n ∼ t −ν , in which l f does not affect the decay exponent ν, only the proportionality constant in this power-law decay. This is illustrated in figure 3 which shows how, for large times, the charged-particle systems, given different f , annihilate with the same ν exponent. Specifically, figure 3(b) shows how the curves become parallel to each other after t = 10 −1 , which means that they have the same slope given by the same ν exponent. That is to say that the annihilation exponent of the system does not depend on θ f for the larget asymptotic behaviour. Therefore, the ν annihilation exponent will behave as 1/(β + 1), independent of the value of θ f for large β.
Based on this evidence from the simulations, we can formulate an empiric formula for the density of the system as t → ∞. This equation goes as:
where Φ F is just a constant dependent on β and θ f . Equation (26) arises naturally when we analyze the simulated data. Nevertheless, on the next section, we propose an analytic approach based on Wigner's surmise [19] on level separation, in order to get a similar expression. Equation (26) encapsulates the time dependence of the annihilation, nonetheless, additional information can be gathered about Φ F from the simulations. By taking the logarithm on both sides of equation (26), we get
By taking the slope of the linear regression between ln n and ln t, we were able to get the values of the annihilation exponent, just as explained before, and just as figure 2 shows. By doing this, we also gathered information on the dependence of Φ F on θ f and β. For simplicity, the new constant C F is defined as C F = ln Φ F . Figure 4 shows the values of the regression constant C F plotted against the fusion parameter f for the four temperatures in figure 3. One thing that becomes clear, is the increase of the fluctuations of the system as β decreases. This can be seen by analyzing the size of the error bars, which represent the fluctuations of the system. Additionally, figure 4 shows how C F depends on the parameter f elevated to some power that depends on β. This is equivalent to saying that the constant Φ F goes as Φ F ∼ (θ f ) γ , where the γ exponent is dependent on β. This means that the density decay behaves as
for all β. Nevertheless, for small β, we can see from figure 4, how the constant C F becomes independent of the fusion parameter θ f of the system. For β = 1 in figure 4 , the plot of C F starts to become horizontal, which means a very small variation of C F when f is changed. Although smaller values of β are not plotted, we discovered this phenomena to be true for β 1. In the diffusive regime, the arbitrary fusion length θ f plays no role in the large-t annihilation dynamics, as long as the condition in equation (25) is met.
On the other hand, we can explore the behavior of Φ F for sufficiently large values of β. Figure 5 shows the slope values with its correspondent uncertainty from the plots in figure 4 . After some analysis, figure 5 tells us that the constant C F will go as C F ∼ (A/(β + 1) + B) ln f for sufficiently large β. By taking into account the definition of θ f from equation (24) and the definition of C F , we can rewrite this behavior as
In particular, if we take the limit β 1, equation (29) tells us that Φ F ∼ (θ f ) B . From the linear regression in figure  5 , we have that B = −0.97 ± 0.05 and A = 1.63 ± 0.10. In summary, the data has shown that the annihilation of single-species charged particles will behave as
for large-t asymptotics and sufficiently large β. We can go one step further by summarizing the scaling behaviour of the system, and collapsing the curves into one master curve, as shown in figure 6 . We can make a change of variables such that t → X = (t/τ β ) ν , in order to collapse all the curves. It is clear that ν and τ β , are calculated from the simulations, and will change for each β and f . The resulting master curve has a slope of −1, as shown in figure 6 . This means that the fraction of particles in the system go as:
The last section showed how the results from the simulations follow a quantifiable trend. On this section, these behaviors are derived based on physical arguments starting from the kinetic rate equation. In particular, we are interested in the annihilation dynamics for β 1 regime, where the Coulomb interaction is the dominant interaction.
The kinetic rate equation, equation (19), is based on mean-field theory arguments. This equation doesn't take into account the correlations between particles, and, thus, breaks down for sufficiently small dimensions. In our case, given the log-Coulomb interaction, we need to include a term to account for the repulsion between particles. This term is equal to the probability of finding two particles spaced less than our critical fusion angle θ f . Based on these arguments, we can write an annihilation rate equation for our system, which reads:
where p(s, t)ds is the probability distribution function for the spacing s between particles, and will, in general, depend on time. This spacing s is defined as s = nθ, where after a long time without annihilation, s = 1. This means that after a long time, the charges, on average, will be distributed equispatially on the circle. Therefore, if annihilation is slow enough, spacing distribution will be independent of time, i.e., p(s, t)ds = p(s)ds. For constant θ f , annihilation will occur slowly when β 1. Therefore, the approximation p(s, t) = p(s) will only be valid for large β, where the system has enough time to accommodate to the equilibrium configuration, without the annihilation of particles.
The explicit functional forms of p(s)ds for several β are calculated explicitly in [19] . Nevertheless, a good approximation for these functions comes from Wigner's surmise, which reads:
where for sufficiently small spacings (s), this equation can be approximated to:
If we introduce equation (34) into equation (32) and solve the integral, we get a differential equation for the annihilation dynamics of our system, which reads:
where α = Kα 0 . We can go ahead and solve equation (35), in order to get an expression for the temporal dependence of the density in our system. The entire solution reads:
where the most important result is the power law on time, where the scaling exponent is dependent on β. Therefore, according to these arguments, the asymptotic behavior of the density of our system for large t and large β goes as:
This behavior can be compared to equations (20) and (21) for single species uncharged annihilation, where the exponent does not depend on β. Furthermore, this power law behavior is the same as the one shown in figure 2 , which accounts for the data trend in the simulations. Equation (36) also tells us the density dependence on the critical fusion angle θ f . The density goes as n(t) ∼ θ −1 f , for sufficiently large t and β. If we compare this expression with equations (29) and (30) in the limit case where β 1, we see the agreement with the simulated data. In particular, the regression intercept from figure 5, B= −0.97 ± 0.05, is in agreement with the −1 exponent predicted by our analysis.
VI. CONCLUSION
A computational model based on the Dyson gas dynamics was developed in order to explore the annihilation of equally-charged particles forced to interact in a circumference through a logarithmic potential. The model simulated through Brownian dynamics how the particles annihilated given a critical fusion parameter θ f and an inverse temperature β. We were able to explore the annihilation dynamics of our system, and in particular we were able to characterize the density for large times through a power law, i.e., n ∼ t −ν .
Through the simulations, we were able to distinguish three different long-time annihilation scenarios in our system. The first scenario corresponds to diffusive annihilation, where β 1. For this case, we observed that the annihilation exponent ν tended to 1/2, just as previous literature indicated for 1-D annihilation [2, 8] . The second scenario corresponds to Coulomb annihilation, where β 1. In this case, the ν exponent behaves as 1/(β + 1). Additionally, we proposed an analytical approach that explains the physical origin of this behavior based on a modified kinetic rate equation that accounts for the Coulomb correlations between particles. The third scenario corresponds to intermediate values of β where both diffusion and Coulomb forces mediate the annihilation dynamics of our system. These annihilation scenarios can be seen clearly on figure 2 .
In a general framework, our work built an approach to investigate single-species charged particle annihilation under a logarithmic potential. Nevertheless, this work focused on the 1-D case. We know from uncharged annihilation processes that this phenomena depends on the dimensionality of the inspected system. Therefore, it is of special interest to characterize the annihilation of charged particles at higher dimensions. For single-species uncharged annihilation we know that the critical dimension of the system is d U C = 2 [9] , i.e., the dimension at which mean-field theory breaks down. It is still unclear as to how dimensionality plays a role on charged particle annihilation for large β.
